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Delone Se.ts
A wai \—orm\\3 oliscrete  and rdmﬁw% dinge et Ace ﬂf‘ s called Delone .




Delone Sets
A wi \'orm\\3 distrete  and rqlm’(iw\ﬁ dinse set Ac ﬂf‘ s called Delone .
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From Wikipedion From Booke and Grimm's  Aperiodic Ordar Vol 4

A basic Frolo\mv\ s to dos.siﬂ-\} ondk Meoaswe how ordeced o disordlered
N 3&2\!\ Delok st S, comi)oxrw\ to o latfice.




Lattico. -like Pf-o?o.rl‘ies

For xel, r>0 the r‘-‘mtc‘/\ of Nat x s ?Ar(x) (l\ x)ﬂ B(o (‘)
. Fm«f& (ocm( Qomfl.utd'\) (FLC) N \J % QW

\d e &{ P/\’r(x) I 1€A} <® F"": Booke M Graow's pridic Oér-ohré Vol 4 o




(attice-ike Propo.rl‘its

For xe, ¢50 the r‘-?od’c\/\ of Aot x s ?A((i) (l\ x)n E,(o f‘)
* Fm&( (ocal Qomfl!uu{'\) (FLQ) 7T AY % %

V r>0 f{ P/\ P(X) I IQA} < 00 Fron: buhmiﬁfmm's dAPtrioJk Oénhrb Vol 4 S
)

. Qg‘uthﬂvit\) U r>o 3 R:-RE) so bhat Q\/Qr\) R-bell

contoins o Cppj a{, Q\/Qr\) - pmfc\r\. Linear m‘;di tw t{)
if- R() is linear. Uni&onm Poi‘c\n {-rc,o[\pmc.) is-

Po\{’c\\.QS GPPQ(M‘ iV\ tr‘)Qll'~ o\lf-in,O\ S‘FQC'UQ,V\QRQ,S.



(attice-ike Proiw.rﬁts

For xe, r>50 the r-‘mfc\/\ of Aot x is ?M(i) (l\ X)DE(O r)
e Finte (ocal Qomfbuu{'\) (Fe) N e N N
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p ]

. QQPQ.‘:&NRY\) Yr>o 3 R:=RE) so bhat Q\/Qr\) R-bell
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Sfms ond D\Jnm(c,al S\,sl'ems o‘» DQ.\DM. So.ks

St Xa= § At teRAS , where the closwe (s with respect & o
noturol ’(oi)o\obb on Delone sets (induced L,«) the Hausdorff metric

restricted to centered balls) @@

®© 6 ©
©)
® %@

* A s (olwost) rQPo.ﬁ{'in_ = Thae a(cﬁnownim\ StjszM (Xa, rRA) <

mwimal (Q\mn) orkit ig denge)

¢ (olwmost) linear repetit ik-\) = U\V\i(\\/\Q Q‘“‘j““qtﬂ ( \mic'v.q (vNOviont measure)

Rodin - ‘ Damonik | WW\S ‘ Freftloh |,
( W 0&-‘_ N, %obm»)m\t 9%y ) Leny o\ , Pleosonts oy , Rickaurdk \‘\)
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BD and BL Eclu valence Relationg

e Delone sgbs Al GRO\ are bounded olisP(acament (RD) Qc'ui\lo\l.mf i 3
bi'\uﬂov\ Y:A— that moves every Point o bounded digtance .

rectifioble i it is BL to 2°

;LZ. ° ° ° ° ° ooooooooooooz



BD and BL Eclu valence Relationg
e Not all Delone sets are rectifable ( ?ﬂ‘\:i::j:" mqmu\\an'%, Cortes 'IG)

Nosfos,

e Lwnear m‘)o.{i(:ixhbﬁ = ( Qd'i('it?b'\lﬂ'\) (Aliste-Pricts , Coranel , Gowloondu 13)
(use Burowop- Klewmer 02 sufficient condition for ro,d'i%(ob'\lihg)

Theorem ( S832%2) True also gor almost  Linear mPo.’ci(:i\lih‘).



BD and BL Eclu valence Relationg
o Not all Delone sets are rectifiable ( %“‘::2:) mcl'\u\\m"58, Cortes '\6)

Nosfos,

e Lwnear rq,Pd:iti\lih) = (i Qch(-(mb'\hfu) (ﬁhsﬁe- Prigto , Cornel | Gowondia ,\3)
(use Buredp- Klener ‘or sufficient condition for recf&(mb'\lihg)
Theeren (8932%2) Teue dso for olnost Linear repetibivity .

e Sets associated with ﬁ(iv\gs with & single tile are unigorm\\) Sfreaol
= (atficeg & PQr(oo(c'c, sets (Dmo.ou, Ojux] 90, Holl§ morriaae theorem)
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BD and BL Eclu valence Relationg
e Not all Delone sets are rectifable ( ?(“2:2;, m(mu\\an'%, Cortes '\6)

Nowos
e Linear mPo.tatiuibj => ro,d'i(—(ob\lihj (ﬁ\isba- Pricto , Cornel , Gowbondia ()
(use E)\)row)o' Klewer ‘02 Sufficient condition for ro,d'&iob‘\lihﬁ)
Theorem (58332%2) True dso for climost Linear QPO.’(&(:N&E:).

Cactkodich’32 For o Delone set e tha following are. equivalent
. N« wni{.oml.j Spreadl
+ There exist «,.C 50 so that Y AcQ = {finite waiong o_(f (attice cubes}
aliscro.i:ancnm % (ANA) - o Gl(A) < C- Uo\d.‘(a:‘\)



BD Ec‘u valence Cri terion and Did\ofomt)

Theorem (FSS 2 and 582 2) The f‘ol\ouoiwj are Qo'viw\\aw’c:
e N ond U are ot BD ec'vivmlm’c

+ There exists & Sequance o_g_ sets A Q4 so that

£ VN % (ANT] wose,
UO\A.‘(QAM)

Theorem (882 2) Lt X be o miimol oce. of Delore sets.
. EiH\Qf‘ 3 /\eX Mﬂ(fo(‘m\v) s?f‘eo.o\, ond than QVQ‘\3 /\eX s suwch.

+ Oc X contosns continupusly many distinct BD closs RRpresentotives.




BD Ec‘u valence Cri terion and Did\ofomsj

Theorem (FSS 2 and 582 2) The f‘ol\ouoiv\cj are Qo‘uiw\law’c:
e N ond U are ot BD eclvivmlmt

+ There exists & Sequance o{_ sets Ane Qy s that

£ VN % (ANT] wose,
UO\A.'(QAM)

Theorem (532 21) et X be o minimol e of Delone sets.

+ Cithee 3 NeX wniformly spread, ond than vy NeX s sudh.

+ Oc X contosns continupusly many distinct BD closs RRpresentotives.
= Substitution tilings  ( Solomon ‘)
= Cut-ond-project sets ( HO\\)V\QS.KQ“\),N@SS ‘™, Fm&lbh,&orber’ts)
= Incommensurable mulbiscalt Eliv\gs (5S4 'a)
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Substitution _Ti-lings
d

A tiling is o collection of tiles with olig)oint titeriors that covecs R
A substitution cule on o set of protatiles is A - &
a tessellation of each protstile by rescaled

— A

probetiles , with o fued scale e (o))

Rz?eo&ed aPP\ico&ions of the substitution rule Followed L\3
N rumﬁng AszQ (ow)er and (o\rger Pcutdus.

AAA%%@@




Ir\co mmo.\r\swo\l'alo. (V\\A\ﬂscole Su’asﬁfuhon Ti\'mgs

. 4 : :
A multiscole substitution scheme 6 mu R conssts of. o substitution

cule on wit Yolume Pro'to'l'i les T;,.. T, whece A — ﬁ

ol ous oﬁ-‘—-\&(&n‘t SCOu(Q.S aﬂ)w and SO\tisFt) V W

a siw\ph. incomenSuro\bilv) condition .

A time-dependont substibution semitlon) . defines o fowily of potehes:
At tne t0 FL(M)= T, and as t icreases the petch
ts inflated &) e ond tiles of udume>{ are
substituted.
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Some Pred eQessors

. Qo\wt\gs froctal %

mulh‘)\e (but commenguroble) seales

. Conwm\) ond Rodin'e Pinwheel h\(v\ﬂ EX

0 - arcton Yy =) same teiangle incommensureble dicectiong

(] ° SQA\AVCS 3@\@‘0&\&(* Pi“wheel h(\nﬁs ’98

| | ' " - o olwoys split
o - Kakutoni Sequances i (0] "3 F——— (on5e;5t ivdﬁ')qfvm(

¢ 8§ 20: multiscale substitubion Kokutont SeqURNCes of poxrtiﬁov\s




Inco mmo.nswablo. M\A\ﬁscol& Su'osﬁfuhon T’t\'mgs

Thesrem (331 2) Lt T be an icommensunble fi((ng.
» Tiles and patches oppear i o dense set of scales = not FLC

+ Periodic orbits of Fp = self sinilac ﬂ(ings ﬂf Wime
e

e T hos unifor‘m Po\fc\r\ fmo'\m\ncias

. ( XT , RA) (s minimal (T is almest rEPe(‘('ﬁve) ond unia\\xd% Qro)oolic,

Proof follows Lee- Solomyak s 19 r
: ?cxd,t%o&\on' o.ﬂ)r‘ooc\'\ W

Thewrem (8332%2)  alwost mPQﬁti\lits3 s mot lincar



The Associnted mep\\ G.c

A dicected waig\nteol 3"‘0?\!\ S olR{-iV\eo\ omor‘alir\g to 6

log5 log5
‘
log2
V W log5/2

Uectices model the pe obotiles
Edges model the tiles aPon\rin5 m the substitution cule with
Lemjﬂ\s = (gs(l /scalR)

6 (¢ (ncommensuroble { G contons two closed paths of Lm){:\ns %’é&,,
Iwnco mmﬂnSWU& W\\AlﬁSCO\(Q substitubion shames ngrah TN
olistiv\cf clags a_g, f'i((n3s o_£ RA.



Cow\ﬁms in uu’isuall Sulws{:itu&ior\ -E‘.it\ss

Peroh—

Subgtitution % tiles Poi‘ch.us _ Q"\tm?» °£,. powers o; the FroLenivs
substitution matrin S Theorem

Lo hes)

Directed walks of Lmitk t'}

m G‘e oritaino\\?inj ot vertex ¢

Mulbigeale [T&l_es N F-E (‘l:)}<—>{

Exam':b. the +- Kokutowmy schame i R
L

| I/3 | A : l,953 % l°53/?.

the patthes £(I), Fiy (D), Foo3(D) ond thar mpuﬁuo. ks

o o oo C0




C ow\ﬁv\g in muu’isuall Sulws{'itu&ior\ -E‘.ings

Theorem (3272, m‘b"‘ﬁ on Kiro, Smi\m\slujx 2 '20)

T -
k§tles i FOOOY - = (5 Vol et v Tam o tow
vTHed i

ol (R (M)
A A

l’otml fed \A\\ h.
\':\oo\\.;:v:\:. (\/ ) %.5‘;2:[0((1— J. - Ef';r " WA V W

coﬂtﬁbu.t Oown os_ ceds to @k qg w\r\‘tg
a‘f'ﬁﬁp (H) \[ouT) %dol(T) ] ( TR M?‘J )

y
T fure -sbyg “Sbsd

- # reds in white
o )y L e )

5?2) I 3

ond ' = ld"l’ PQ(ron FNBMMs ngQn\I&tor o? Vs

dt
Theorem (3312) TkeN V t,>0 I t2t,: 00 2 C %

= Lncommensuroble tilings are  never u‘.n‘\ﬁc»rmh3 spreod.



C ow\ﬁng in l’luu’iscalt Sul;s‘l:ilu&ion -m.inas
Theeran (S5, relying on Kiro, Smilanskyx2 20)

Similar o\sxbm‘:l’otic ?orm\o\s for:

+ ¥ ftles of bype o and vole [kl in E )
. Uo\.\M\Q(U $tiles of l'jPQ - and vole[ablwm (T“)
. ExPed'eo\ vlues Bor romdom parh’ tions




Cow\ﬁng in Multiceale 5\;&{'&{0&507\ -m.inss

-rT\.Q.OrQW\ (S 2, m(bins on Kiro, Sw\i\m\skxsz '20) similor formu(a.g far

. ORP distribution A= Delone set o} tile boundaries m o 1-dim til(ng

t L Neighbors in AOENN] of distoncec b} f’@cecm N

% {ANTN,NIY vTHel

Z {““T , SolTexsd
xl
o , otherwse

(S

Where (Cs (x)). -
e

o Nowerics for pair correlotions are consistent with Poisson process

list= {0, 3210}; i=1;
Do[While[list[[i1+1]] - list[[i]] >1,

list = Insert[list, List[[1]] + (List[[i+1]] - List[[i]]) /3, i+1]], (i, 01005}]; 2 craBe8ap=1/(-(1/3)«log[1/3]-(2/3)+Log[2/3]);

list = Accumulate [RandomVariate[ExponentialDistribution[averagegap], 90000]];
gaps = Flatten[Table[N[Differences[list, 1, j1], {j, 1, 100}]1];
Histogram[gaps, {0, 100, 0.5}, "PDF"]

gaps = Flatten[Table[N[Differences[list, 1, j]], {j, 1, 100}]];
Histogram[gaps, {06, 160, 0.5}, "PDF"]







